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predict tangential velocity decay for a solid-body rotation
prematurely, while experimental data show a persistent com-
bined vortex (i.e., combination of a free and forced vortex)
profile even at the far downstream location. The discrepancies
between the calculations and measurements indicate the defi-
ciency of isotropic eddy viscosity hypothesis used in this level
of closure. This discrepancy is also shared by the non-isotropic
algebraic stress model (ASM) prediction.6 As indicated by
Sloan et al.,6 the failure at the downstream location probably
has to be resolved by solving the ful l stress transport equa-
tions, with convective and diffusive terms, rather than the ab-
breviated ASM.

More detailed comparisons, such as centerline mean veloc-
ity decay, envelope of the central recirculation zone, tur-
bulence intensities, and the sensitivity of the numerical predic-
tions to the inlet boundary conditions, have been documented
in Ref. (9). The preliminary success of this model stems from
recognizing that turbulence in swirl flows departs significantly
from spectral equlibrium conditions and that the different
energy transfer rates for energy-containing eddies and transfer
eddies should be modeled separately. However, the multiple-
scale model still adopts the isotropic eddy viscosity formula-
tion. To account for anisotropic turbulence, a full Reynolds
Stress Model needs to be used. Incorporation of the multiple-
scale turbulence model, which takes into account the non-
equilibrium spectral energy transfer rate, and a simplified
Reynolds stress model should pave a promising avenue for
numerical modeling of swirling flows.
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Analogy for Postbuckling Structural
Resistance Capability
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Introduction

T HE notion of static postbuckling analysis is contradic-
tory. The use of static assumption presumes that ac-

celerations and inertial forces remain inexistent during the
loading process. On the other hand, sudden changes in the
modes and rates of displacement, followed by different
dynamic effects, are to be expected when buckling is about to
occur. This contradiction makes questionable the ability of
static analysis to provide actual information on postbuckling
structural behavior. Therefore, the results usually supplied by
static postbuckling analysis (i.e. the forces vs displacements
diagrams) must be considered to be no more than estimations
of the structure's ability to develop resistance forces when
stability disappears.

Arguments similar to those expressed here have led several
authors to inspect the possibility of performing dynamic
postbuckling analyses in place of static ones.1"3 The purpose
of this Note is to point out that, in addition to the structural
behavior history generally expected, it is possible to extract
from the dynamic analysis results information such as
diagrams of the structural resistance force vs displacement
that are equivalent to the static postbuckling ones. In certain
simple cases, diagrams from dynamic analyses are identical to
those from static analyses. In more complicated cases, they
will be different. Logically then, the dynamic analysis force vs
displacement diagrams must contain better information about
the structural strength capabilities. All of the existing
theorems for the behavior of diagrams of static postbuckling
analyses must also be valid for the equivalent dynamic analysis
diagrams.

Example Case of Structural Instability
As an example, the assumption noted above will be applied

to the case of the structural instability of an elastoplastic thin
spherical pressure vessel (Fig. 1). This problem has already
been treated from a classical static point of view by Durban
and Baruch.4 The static behavior of such a structure is analo-
gous in many aspects to a nonstable postbuckling history
without bifurcation. It is noted that the critical point is ob-
tained on the load displacement path when the load reaches its
maximum value. (Real structures, due to their imperfections,
do not buckle generally by bifurcation and have a similar
behavior to the spherical pressure vessel of this example.)

The internal pressure p is supposed to increase as a
monotonic function of the time variable t,

= at (a. = const) (1)

Two different kinds of forces act together against this
pressure: the structural resistance p, which represents the
resultant of the existing membrane stresses a within the struc-
ture, and an inertia pressure q:

> = 2a- (2a)
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ToVo (2b)

(2c)

where hQ and r0 are the initial thickness and mean radius of the
spherical shell, respectively, 70 the initial mass density, and u
and r? the radial displacement and the thickness variation,
respectively (see Fig. 1). In this discussion, friction forces are
neglected.

From the elastoplastic stress-strain relations and the
equilibrium equations (see Appendix) and considering that the
shell mass remains constant, it is possible to obtain the follow-
ing set of four differential equations:

\-A+B
P =

.
rj =—

ToVo
(P-P)

where
( / Q + U )

(3)

(4)

(5)

(6)

(7)

(8)

The results are the subject of two different curves p=p(u)
and p = p ( u ) presented in Fig. 2.

It is interesting to note that in this particular case, the curve
p = p ( u ) obtained via this dynamic analysis is identical to the
classical one that can be obtained from static analysis.

Discussion
From the pressure load curve/? =p(u), is appears that, after

p reaches some critical level, the structural state rapidly
becomes unstable. To permit a precise determination of the in-
stability initiation occurence, one has to consider the variation
of the other new variable p ( u ) . Logically, the structural in-
stability begins when the structural resistance can no longer in-
crease or, in other words, when the tangential stiffness KT
vanishes, as

KT-(%-\ = 0\ du / cr
(10)

This remark shows the importance of the idea of a simple
structural resistance proposed in this Note and ignored until
now. Possible extensions of this idea can be suggested along
lines parallel to the static stability theorems. For instance,
generalizing Eq. (10) for a multiple degree-of-freedom model,
the instability initiation can also be defined in the dynamic
analysis case as

detlA$l=det = 0

Appendix: Elastoplastic Stress-Strain Relations
The material is assumed to be elastoplastic, obeying the in-

cremental flow theory, and have stress-strain relations of the
Ramberg-Osgood type (Fig. Al)

= -2vp-KnK(p)n-sign(p) (9)

This set of differential equations has been integrated
numerically using a four-stage method of a fourth-order
Runge-Kutta classical formula5 for the following data:

r0 = 400 mm
E = 200.0 GPa
k = 57,800

To = 7640kg/m3

h0 = 2.Q mm
y = 0.32
/i = 3
a = 2.6 GPa/s

(Al)

where ee and ae are the effective strain and stress variables, E
the modulus of elasticity, and K and n the Ramberg-Osgood
plastic material constants.

According to this classification, the following equation
holds:

(A2)

Fig. 1 Thin spherical pressure vessel.

where de^- and da/y are the differential stress and strain in-
crements, By is the Kronecker delta, Ia is the first stress in-
variant defined as

=°l 1+^22 + ^3 (A3)

oe is defined as
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Fig. 2 Dynamic behavior.
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Fig. Al Ramberg-Osgood stress-strain curve.
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v is the Poisson's ratio, and the parameter K is defined as

K = 1 if oe = ffemax and dae > 0

K = 0 if 0e<°emax °r if <Je = °ema* and &°e < 0 (A5)

The static equilibrium equations are

ai j = a22 = pr/2/i and a33 = 0 (A6)
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value problem for the vibration of composite plates using this
element. Herein the critical buckling loads for composite
plates are calculated and compared to currently available
numerical finite element methods (FEM) and analytical results
with various fiber orientations and boundary support
conditions.6"8

Stability Problem
The stability problem can be formulated in a manner

analogous to the standard eigenvalue problem. This can be ex-
pressed in matrix notation as

(1)

where [K], A, [KG], and [u] are the stiffness matrix, the
lowest eigenvalue (loading), the geometric or initial stiffness
matrix, and the eigenvector of nodal displacements
corresponding to an eigenvalue, respectively. The solution
procedure for Eq. (1) can be summarized as follows:

1) Evaluate stiffness matrix [K] for the chosen element

[K]
Jvol

[ B ] T [ D } [ B ] d V (2)

2) Solve for displacements { u } by decomposition and back
substitution and calculate the stresses.

3) Evaluate the geometric stiffness matrix [KG].
After formulation of the geometric stiffness matrix, the

lowest eigenvalue is solved for by the inverse iteration method.
Having solved for [ u i + l } by back substitution, [ u i + l } is nor-
malized to {un i +!) , where

(3)
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Introduction

T HE instability problem of a composite plate is more com-
plicated than that of an isotropic plate due to the or-

thotropic properties of each lamina. The focus of this Note is
the utilization of a recently developed shear deformable, com-
posite plate element, QHD40, within a finite element program
to solve for the critical buckling loads.1'2 The effort is
noteworthy in that the displacement field used in formulation
of the composite plate element contains higher-order terms.
This allows a more refined model for the stress distribution
within the structure, a progression of previous work relating
to shear deformation in isotropic and anisotropic plate
structures.2'5 Ochoa et al.1 presented the results of the eigen-
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The test for convergence is stated as

\(\uni+l I - \ u n f \ ) \ <e (4)

where e is a prescribed value. After convergence, X/ is ob-
tained by taking the inverse of the value used to normalize
[Uj]. For comparison with previously published results, the
following nomenclature is introduced:

= \,/B (5)

where Nx and B are the critical buckling load per unit length
and width of the plate, respectively.

Element Description
QHD40 is an eight noded quadrilateral plate element with

seven degrees of freedom at each corner node and three
degrees of freedom per midside node for use in linear/
nonlinear applications. The element and associated finite ele-
ment routines were developed by Engblom and Ochoa.1'2 The
assumed displacement field of the element is

u(x,y,z)=uQ(x,y)+z*x(x,y)+z2(l>x(x,y)

+ z2<t>y(x,y)

(6)

The neutral surface displacements are represented by w0, v0,
and w0, the rotation about the y axis is given by tyx, and the
rotation about the x axis is denoted by ^fy. Coefficients of z2,
<t>x, and <t>y can be interpreted as contributions from transverse
deformations. In-plane displacements (w0, VQ) and the higher-
order terms (<j>x, </>y) are expanded in bilinear form as

[ I x y x y ] ( a ) (7)


